We describe how we can precisely measure variations in the entropy S of small solid samples below room temperature, as a function the temperature T or the external magnetic field H, respectively. A simple differential-thermal analysis (DTA) technique allows, in principle, for the measurement of variations in S without any instrumental broadening of the data. The method is particularly well suited for the detection of sharp phase transitions in samples of milligram size.
I. Introduction
Differential-thermal analysis (DTA) is widely used in chemical and material sciences for investigating the thermodynamics of chemical reactions and phase transitions 1 . In most cases, DTA measurements are used to qualitatively detect abrupt changes in the thermodynamic properties of a sample above room temperature. We have earlier extended this method to measure heat capacities of small samples below room temperature 2 , and observed, as a result, novel electronic phase transitions in superconductors 3 , 4 , 5 , 6 . In this work we show that the same method can be used to directly measure variations in entropy S as a function of the temperature T or the magnetic field H, respectively. In contrast to corresponding heat-capacity C data obtained by the same technique, variations in S can be measured without introducing any instrumental broadening to the data. Therefore, the novel method of data analysis represents an excellent tool for the detection of very sharp phase transitions, e.g., first-order phase transitions.
In this article we will first give a brief summary of the hardware requirements and the conditions under which the method is applicable. We then summarize our previous approach to determine heat capacities using DTA techniques and show how to extract variations in S directly from such DTA data. We finally present selected results from DTA experiments around first-order and second-order phase transitions in the superconductors YBa 2 Cu 3 O 7 and V 3 Si, respectively.
II. Hardware and data analysis A. Hardware and instrumentation
A typical schematic view of a DTA set-up is shown in Fig. 1 . A sample and a reference sample of comparable heat capacity are thermally linked to a large thermal reservoir, the temperature of which can be varied as a function of time. Our measurements are done under high-vacuum conditions and typically at temperatures below 120 K, which allows for an accurate control of the heat links. We assume here that these heat links k s and k r that connect the sample (at a temperature T s ) and the reference sample (temperature T r ), respectively, with the thermal reservoir (temperature T b ), obey Fourier's law for the transport of heat, i.e., we are using the fact that the rate of heat flow P is proportional to the temperature difference between the warm and the cold end of each heat link, P r,s = k r,s (T b − T r,s ) (in the following, the subscripts r and/or s denote "reference side" and/or "sample side" ). This is certainly fulfilled if the heat links consist of a metallic wire, the thermal conductivity of which does not vary significantly within the temperature interval defined by T s , T r , and T b (at high enough temperatures, thermal radiation may also have to be taken into account, see Ref. 2, section IIc). This temperature interval is determined by
with the heat capacities C r and C s of the reference sample and the sample, respectively, the addenda heat capacity C A , and the time constants τ r,s = (C r,s + C A ) /k r,s . The values for the heat links, k s and k r , can be estimated from the thermal conductivities, the cross sections and the lengths of the connections used to form the heat links, and may include contributions from wires to the thermometers and from the mechanical suspension of the samples. In typical experiments, we had ( 
The size of the sample, its thermal anchoring to the sample thermometer and the thermometers themselves have to be chosen in a way that the internal thermal equilibrium and response times are much smaller than τ r,s and smaller than the inverse dataacquisition rate (in our case 3 sec) to guarantee that the T s and T r data are not unnecessarily broadened by an internal equilibrium process. As a general trend, a thermal equilibrium in most solids is achieved faster at low temperatures than at room temperature or above, which makes the use of a DTA technique at low temperatures particularly attractive. For our samples (typically a few milligrams) we estimate the respective internal thermal equilibrium times to be of the order of 0,1 sec or less.
As in any thermal experiment, thermometers and wiring should contribute as little as possible to the total heat capacity. We have built various versions of DTA cells using thermocouples and small platinum PT-100 or Cernox 1050 chip resistors. For a quantitative analysis, the corresponding addenda heat capacities C A and the reference heat capacity C r have to be known (see below). These quantities, together with k r,s , can be reasonably accurately measured using the T-dependent τ r,s (T) data and by performing an additional experiment at constant T b , where the sample and the reference sample are heated with a known constant heating power P r,s , thereby raising their respective temperatures by the asymptotic values (T r,s − T b ) = P r,s /k r,s = P r,s τ r,s /(C r,s + C A ).
The relative sensitivity of both the heat capacity and the entropy data depend crucially on the sensitivity of the sample thermometers and of the way ∆T = T s − T r is meas-ured. Above 50 K we achieved our best results with copper-constantan thermocouples and platinum thermometers (with a typical scattering in ∆T of the order of 10 -4 K and 10 -6 K, respectively), and at lower temperatures using Cernox thermometers (10 -4 K).
To improve the performance of the resistance thermometers, we applied in some cases a deliberately high measuring current that induced a significant self-heating of the order of 1 K or less. This is not a real problem for the present DTA technique, however, as long as the temperature of the sample is known, the self-heating effect is symmetrical on the sample and the reference sides, respectively, and the quantity T τ ,r = τ r T b In the following we assume that the quantities τ r (T), C r (T) and C A (T) have been measured in a separate experiment and are free of any discontinuities. These values have to be determined only once since they are not expected to vary when a sample is exchanged. To eliminate unnecessary sources of scattering to the final result, the τ r (T), C r (T) and C A (T) data should be smoothed, e.g., by replacing the measured data by continuous functions.
B. The measurement of heat capacities
We have described the principle of measuring differences in the heat capacity using this DTA technique in detail in an earlier publication and T r data will not show any discontinuities as a function of time if the measuring set-up is reasonably constructed and operated, and they can therefore be approximated by smooth continuous functions. This is not possible for ∆T , however, because these data may contain essential information about possible abrupt phase transitions of the sample. Assuming k s = k r and equal addenda heat capacities C A on the sample and the reference side, the heat-capacity difference ∆C = C s − C r at the sample temperature T s = T r + DT becomes, to a first approximation,
with T τ ,r = τ r T b
.
(note that depending on the sign of T b .
, T τ ,r can be positive or negative, and in the steady state, 
We can eliminate the time derivative in Eq. (3) using
and
and we obtain
However, the numerical evaluation of T s .
or d∆T /dT s from experimental data again introduces a certain broadening δT on the temperature scale that depends on the temperature interval used to calculate this derivative. Moreover, the scatter δ ∆C in the ∆C data as calculated from Eqs. (3) or (6) is inevitably increased by such a procedure. We have shown that the product δ ∆C δT is a constant that is determined by C r and by the limiting accuracy with which ∆T can be measured 2 . In other words, any attempt to increase the accuracy of the ∆C data in T, e.g., by choosing a narrower interval to calculate T s . or d∆T /dT s , leads to an increased scattering in ∆C.
In the next paragraph we describe how we can completely circumvent this problem of instrumental broadening if we consider variations in entropy S, rather than variations in the heat capacity C.
C. The measurement of variations in entropy a) Measurements with varying temperature
We now consider the difference in the entropy between the sample and the reference sample, ∆S = S s − S r between two sample temperatures T 1 and T 2 ,
that becomes
If a sharp phase transition occurs, we restrict on a narrow interval [T 1 ,T 2 ] around this transition. We assume here that C r + C A ≈ const. in this interval, and that the reference sample is in the steady state, i.e., T τ ,r = τ r T b
≈ const., and therefore
It can be shown that if these approximations are not strictly fulfilled, the resulting ∆S(T 2 ) − ∆S(T 1 ) may at most exhibit a slowly varying systematic error. Partial integration of Eq. (8) and using Eq. (9) gives -
and we obtain, as a central result of this paper, the simplified expression
The Eqs. (10) and (12) have been derived from the exact result (3), and they therefore do not suffer from any broadening on the temperature scale, i.e., sharp discontinuities in ∆S will be correctly reproduced in the measured data.
b) Constant temperature and varying magnetic field
In some cases it is desirable to keep the temperature of the thermal bath constant while varying the external magnetic field, say from H 1 to H 2 , to probe a possible magnetocaloric effect of the sample. Such experiments are often done under adiabatic conditions (i.e., k s = k r = 0), where the sample shows a cooling or a heating effect upon the variation of the magnetic field that depends on the temperature and the mag- . To maintain a constant sample temperature in such an experiment, a certain heat flow between the thermal bath and the sample has to supplied, that must be exactly known for the calculation of the thermodynamic quantities of interest. As we have seen in the previous paragraph, the here described DTA technique does not require the knowledge of the amount of heat flowing in the experiment, because it relates the measured temperature differences to the known heat capacities C r and C A (see, e.g., Eq. (12)). In typical DTA experiments as we have described above, the k s and k r values are chosen in a way that the temperature differences between the thermal bath and the samples are always small compared to the temperature of the experiment (see section II.A). These temperature differences become even smaller when T b is kept constant and only the magnetic field is varied. Therefore the situation can be regarded as a quasi-isothermal one, and we will show below that we can indeed use such a DTA set-up to measure corre- 
netic-field dependence of the entropy S(H,T). A possible increase in
and is equal to
Therefore 
This result can again be used to calculate S(H 2 ) − S(H 1 ) by numerical integration of experimental data.
If we further assume that the variations in T s (H) upon changing the magnetic field are small compared to the initial value T s (H 1 ), we can use
We may identify these changes in S with changes in the sample entropy S s alone if the sample platform does not show any magnetocaloric effect.
Is worth mentioning that we can derive the thermodynamic quantity ∂M /∂T ( ) H from experimental data obtained using Eq. (19) by numerically differentiating correspond-ing isothermal entropy ∆S(H) data and using the Maxwell relation
III. First and second-order phase transitions in superconductors
In Figs ∆T raw data plotted in the same figure and using Eq. (12) (again, a background in ∆S has been subtracted for clarity reasons). In Fig. 4b we show the resulting specific heat C/T, here obtained from Eq. (6) and by numerically calculating the derivative d∆T /dT s . As in the above example, the total intrinsic transition width in ∆S (≈ 130 mK, as indicated by the shaded region) is much smaller than the instrumental broadening of the ∆T raw data, T τ ,r = 740 mK (see Fig. 4a ). According to the discussion in sections I and II of this paper, the instrumental resolution in T or H in such experi-ments is indeed limited only by the internal thermal equilibrium time of the sample (including the sample platform and its suspension), and by the response time of the used thermometers. 
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